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Horizon-free and Second-order MBRL: Preliminaries

m We consider finite horizon time-homogenous MDP
M = {S,A,H,P*,T, 50}
m S, A are the state and action space
m H € N7 is the horizon for each episode
m P*:8 x A~ A(S) is the ground truth unknown transition
m 7:S x A Ris the known reward signal, and sg is the fixed initial state.
m At each episode, the agent interacts with the environment over a sequence
of H time steps. Specifically, starting from the initial state sg, at each
time step h € [H — 1],
the agent observes the current state s, € S,
m takes an action ar, = mn(sn) € A according to its policy,
m receives a reward r(sp,ap), and
m the environment transitions to the next state sp+1 ~ P*(- | sn,an).
= The cumulative reward over the episode is defined as 1" r(sn, an).
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Horizon-free and Second-order MBRL: Preliminaries

m V7 (s) represents the expected total reward of policy 7 starting at s, = s

m Q7 (s,a) is the expected total reward of the process of executing a at s at
time step h followed by executing 7 to the end.

m The optimal policy 7* is defined as 7* = argmax, VT (so).

m Since we use the model-based approach for learning, we define a general
model class P C S x A— A(S).

m Given a transition P, we denote V;7p and Qf. p as the value and Q
functions of policy 7 under the model P.

m Given a function f:S x A — R, we denote the
(Pf)(s,a) := Eyop(s,a)f(s"). We then denote the variance induced by
one-step transition P and function f as
(Vpf)(s,a) := (Pf?) (s,a) — (Pf(s,a))* which is equal to

2
Es’wP(s,a)fQ(s/) - (]ES/NP(s,a)f(S/)) .
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Horizon-free and Second-order MBRL: Preliminaries

m Assumptions:
Realizability: P* € P.
We assume that the rewards are normalized such that r(7) € [0,1] for any
trajectory 7 := {so,ao0,...,SH—-1,am—1} where r(7) is short for
H-1
> h—o T(8n,an).
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Horizon-free and Second-order MBRL: Preliminaries

m Online RL:

We focus on the episodic setting where the learner can interact with the
environment for K episodes. At episode k, the learner proposes a policy 7"
(based on the past interaction history), executes 7% starting from so to
time step H — 1.

We measure the performance of the online learning via regret:

(v v,
k=0

To achieve meaningful regret bounds, we often need additional structural
assumptions on the MDP and the model class P. We use the ¢; Eluder
dimension as the structural condition [1].
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Horizon-free and Second-order MBRL: Preliminaries

m Offline RL:
For the offline RL setting, we assume that we have a pre-collected offline
dataset D = {7° K | which contains K trajectories.
To succeed in offline learning, we typically require the offline dataset to
have good coverage over some high-quality comparator policy 7*.
Our goal is to learn a policy 7 that is as good as 7, and we are interested
in the performance gap between # and 7™, i.e., VT VE,

=

w
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Horizon-free and Second-order MBRL: Preliminaries

m Horizon-free Bound:
The regret or sample complexity bounds have no explicit polynomial
dependence on the horizon H.
Motivation: to see if RL problems are harder than contextual bandits due
to the longer horizon planning in RL.
Some previous works use extremely complex algorithms and analysis in the
tabular MDP case’.
m Second-order Bound:
Denote VaR, as the variance of trajectory reward, i.e.,
VaRy := Erorn (r(7) = Ernnr(7))?. Second-order bounds in offline RL scales
with VaRr+ — the variance of the comparator policy. Second-order regret
bound in online setting scales with respect to /3, VaR« instead of VK.
The second-order bound can be small under situations such as
nearly-deterministic systems or the optimal policy having a small value.

Le.g., [1] Settling the Horizon-Dependence of Sample Complexity in Reinforcement
Learning, FOCS 2021
and [2] Horizon-Free Reinforcement Learning in Polynomial Time: the Power of Stationary
Policies, COLT 202
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Horizon-free and Second-order MBRL: Key Message

The key message of our work is

Simple and standard MLE-based MBRL
algorithms are sufficient for achieving nearly
horizon-free and second-order bounds in online
and offline RL with function approximation.
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Horizon-free and Second-order MBRL: Online Setting

m At episode k, O-MBRL splits the trajectory data that contains k — 1
trajectories into a dataset of (s,a,s’) tuples which is used to perform
maximum likelihood estimation max s p Y 7 log P(s]]s;, a;).

m [t then builds a version space P* which contains models P € P whose log
data likelihood is not below by too much than that of the MLE estimator.

m The version space is designed such that for all k£ € [0, K — 1], we have
P* € Py, with high probability.

m The policy 7* in this case is computed via the optimism principle.

Algorithm 1 Optimistic Model-based RL (O-MBRL)

1: Input: model class P, confidence parameter 0 € (0, 1), threshold 3.

2: Initialize 7°, initialize dataset D = @.

3: fork=0—-K-1do

4: Collect a trajectory 7 = {80, ag, - sg-1, az—1 ) from 7%, split it into tuples of {s, a, s’} and
add to D. _

5: Construct a version space P*:

ﬁk:{PeP: Y. log P(silsi,a;) 2max ) logﬁ(si\(“n:“m)*ﬁ}-

s,a,s'€D PeP s.a,5'eD

6: Set (7, P¥) « argmax,  pepr Voip(50)-
7: end for
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Horizon-free and Second-order MBRL: Online Setting

m We work with the ¢; Eluder dimension DE; (¥, S x A, €) with the
function class ¥ specified as:

U = {(s,a) — H?*(P*(s,a) || P(s,a)): P € P}.

Remark

The ¢; Eluder dimension has been widely used in previous works [1]. It can
capture tabular, linear, and generalized linear models.
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Horizon-free and Second-order MBRL: Online Setting

Theorem (Main theorem for online setting)

For any ¢ € (0,1), let 5 =4log (K‘P‘) with probability at least 1 — ¢,
O-MBRL achieves the following regret bound:

(\J E : VaR, .« - DE1(V,S x A,1/KH) -log(KH |P| /) log(KH)
k:O k=0
+ DEl(‘I/,S x A, 1/KH) -log(K H |’P\ /5) log(KH)) i (1)

m The above theorem indicates the standard and simple O-MBRL algorithm
is already enough to achieve horizon-free and second-order regret bounds:
our bound does not have explicit polynomial dependences on horizon H,

the leading term scales with /), VaR, . instead of the typical VK.
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Horizon-free and Second-order MBRL: Online Setting

When the underlying MDP has deterministic transitions, we can achieve a
smaller regret bound that only depends on the number of episodes
logarithmically.

Corollary (log K regret bound with deterministic transitions)

When the transition dynamics of the MDP are deterministic, setting
B =4log (%), w.p. at least 1 — §, O-MBRL achieves:

K—-1
ST v —v™ <O(DE(V,S x A, 1/KH) -log(KH |P| /) log(KH)).
k=0
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Horizon-free and Second-order MBRL: Offline Setting

m CPPO-LR splits the offline trajectory data that contains K trajectories
into a dataset of (s, a,s’) tuples which is used to perform maximum
likelihood estimation max s p »_7" ; log P(s}]s4,a;).

m It then builds a version space P which contains models P € P whose log
data likelihood is not below by too much than that of the MLE estimator.

m The threshold for the version space is constructed so that with high
probability, P* € P.

m Once we build a version space, we perform pessimistic planning to
compute 7.

Algorithm 2 (Uehara & Sun q2()21)) Constrained Pessimistic Policy Optimization with Likelihood-
Ratio based constraints (CPPO-LR)
1: Input: dataset D = {s,a, s'}, model class P, policy class II, confidence parameter § € (0, 1),
threshold /3.
2: Calculate the confidence set based on the offline dataset:

P= {P eP: Zlog]’(sﬂsi.a,;) > 11_1&1x210gf’(s§|s,.(1,:) - ;J’}.
i1

i=1 PeP =

. . 5 ST - T .
3: Output: 7 < argmax . min p 5 Viip(50)-
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Horizon-free and Second-order MBRL: Offline Setting

Definition (Single policy coverage)

Given any comparator policy 7*, denote the data-dependent single policy
concentrability coefficient CT, as follows:

C’/r* IEs,ch\de*IHI2 (P(S7a) || P*(S7a))
D = max .
mPEP 1)K 3oy B2 (P(sh, af) || P (s}, af))

Theorem (Performance gap of CPPO-LR)

For any d € (0,1), let 8 = 4log(|P|/d), w.p. at least 1 —§, CPPO-LR learns a
policy 7 that enjoys the following performance gap with respect to any

comparator policy 7*:

VT _VE <O (\/C’T*VaRﬁ* log(|P]/3)/K +C™ log(|P|/5)/K> .
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Horizon-free and Second-order MBRL: Offline Setting

m First, our bound is horizon-free (not even any log(H) dependence), while
the previous bound in [2] has poly(H) dependence.

m Second, our bound scales with VaR,« € [0, 1], which can be small when
VaR,« < 1.

Corollary (C”’* /K performance gap of CPPO-LR with deterministic

transitions)

When the ground truth transition P* of the MDP is deterministic, for any
0 €(0,1), let 8 =4log(|P|/d), w.p. at least 1 — §, CPPO-LR learns a policy 7
that enjoys the following performance gap with respect to any comparator
policy 7*:

V™ —VF <0 (C™ 10g(IPI/8)/K) -
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Proof Sketch for Online RL

m For ease of presentation, we use dry, to denote DE;(¥,S x A, 1/KH),
and ignore some log terms.
m Overall, our analysis follows the general framework of optimism in the
face of uncertainty, but with
careful analysis in leveraging the MLE generalization bound

novel analyses to achieve a variance-dependent bound without estimating
variances

a more refined proof in the training-to-testing distribution transfer via
Eluder dimension

B careful variance recursion analysis.

IS
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Proof Sketch for Online RL

m By standard MLE analysis, we can show w.p. 1 — 4, for all k € [K — 1],
we have P* € P* and

k—1H—1
DD HEAPH(sh ap)l|1P*(sha,) < Olog(K [P /6)). 2)
i=0 h=0

m From here, trivially applying training-to-testing distribution transfer via

the Eluder dimension as previous works would cause poly-dependence on
H.

m With some new techniques, we can get: there exists a set  C [K — 1]
such that |K] < O(dgry log(K|P|/d)), and

3 ZHQ( (sk,ab) || Pk(sh,ah)) < O(dpy, - log(K |P| /6) log(KH)).
ke[K—1]\K h
(3)
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Proof Sketch for Online RL

= Recall that (7%, PF) + argmax_p; pepr Voip(s0), with the realization

guarantee P* € 73k we can get the following optimism guarantee:

7!'
Voipe Smax cy pepr Voip = VO Pk

m At this stage, one straight-forward way to proceed is to use the standard
simulation lemma:

k ok
E OP*_ 0P*<§: Pk_ Viip
k=

KXZ:HX; s,a~dl [ /}' )

nk ’ ok
NP*(s,a)Vh+1;13k (S ) - Es/Nﬁk(s,a)Vh,+1;}5k(S )

m However, from here, if we naively bound each term on the RHS via
E, P (s,a) — P*¥(s,a)| 1, which is what previous works such as [2]
> h
did exactly, we would end up paying a polynomial horizon dependence H

due to the summation over H on the RHS the above expression.
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Proof Sketch for Online RL

m We have the following mean-to-variance lemma

Lemma (Lemma 4.3 in [3])

For two distributions f € A([0,1]) and g € A([0,1]):

[Eonslz] — Eangla]l < 4y/VaRs - Da(f | 9) +5Da(f l9).  (5)

where VaR; := E, (2 — E;~¢[x])? denotes the variance of the distribution f.

m Given this mean-to-variance lemma, we may consider using it to bound
the difference kbetween two means i
/ !
Egnpe(s.a)Vi 150 (5) — By pro,) Vi, 50 (87):
m This still can not work if we start from here, because we would eventually
get 3 S0, B,k [H2(P*(s,a)||P¥(s,a))] terms, which can not be
) h

further upper bounded easily with the MLE generalization guarantee.
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Proof Sketch for Online RL

m To achieve horizon-free and second-order bounds, we need a novel and
more careful analysis.

m First, we carefully decompose and upper bound the regret in
K :=[K — 1]\ K w.h.p. as follows using Bernstain’s inequality (for regret
in K we can simply upper bound it by |K|)

H-1 H-1
> ( G (sh) = > r(sian ) +3 <Zr<s2,aﬁ)—%’;’;>
keK h=0 ek \h=0

ZZ V}D*V}Z’ﬁ_1 Pk) sh,ah)

kek h

+Y D E

kek h

+ \/Z VaR,« log(1/6) . (6)
k

k k
Vi (s) = Egpe(shaf) Vi pr (s")

s'Nﬁk(sﬁ,a’fL)
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Proof Sketch for Online RL

m Then, we bound the difference of two means
k

Es’Nﬁk(sﬁ,afL)VhZ,l;ﬁk (s') — ES/NP*(SI}C,,7ah)Vh+1 5 (") using variances and
the triangle discrimination using the mean-to-variance lemma, together
with the fact that Da < 4H?Z, and information processing inequality on

the squared Hellinger distance, we have

‘l\'k ! 7rk: ’
‘Es/Nﬁk(st,ak)Vh+1;ﬁk(s ) — ES/NP*(SQ,QZ)Vh+1;ﬁk(S )l

™ xk . —~
SO(\/(VP*Vh+1 Pk)(sh’ah)DA< s Pk( ~ P*(sk,af)) || V. h+1 Pk( ~Pk(sﬁ,aﬁ)))
+ Da (Vi pe (5 ~ PP (shal) | ViTgy e () ~ P (shoah))) )

< o(\/(vp o) (ks alDE? (P (sl af) || PR sk af)) + B (P*(s),af) || P (s}, ap)))

where we denote V}L " s(s s’ ~ P*(s,a)) as the distribution of the random

variable V};l;ﬁ(s’) with s’ ~ P*(s,a).
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Proof Sketch for Online RL

m Then, summing up over k, h, with Cauchy-Schwartz and the MLE
generalization bound via Eluder dimension in Eq.(3), we have

2.0

kek h

<O( 30 32w (P (o o) | PH (o)

kek h

5030 (Ve Vi ) ko) 3 S (P | P (o))

kek h kek h

< o( D> (Ve VIE 50) (sh, af)dre log(K [P /6) log(K H)

kek h

+ dry. log(K |P| /6) log(KH)) . (7)

k
s ’ g /
SINﬁk(sﬁi,aﬁ)Vhﬂ;ﬁk (s) = IEs/~P*(s Vh+1 pr(s)
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ch for Online RL

m Note that we have (Vp* thl Pk) (sk,af) depending on Pk, To get a

second-order bound, we need to convert it to the variance under ground
truth transition P*, and we want to do it without incurring any H
dependence.

m We aim to replace (Vp+ Vh+1 Pk)(s’fwa’ﬁ) by (Vp- Vhﬂfl)(s’ﬁ, af) which is

the variance under P*, and we want to control the difference

(Vp- (Vh+1 B Vh”_tl) )(sF,af). To do so, we need to bound the

variance of the 2-th moment of the difference Vh”: LpE T V}f e
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Proof Sketch for Online RL

m Let us define the following terms:

A _ZZ[VP* h+1Pk)(5h’ah] B _ZZ[VP*VIH-I Shyah)j|7

kek h kek h

Cm = Z Z [(Vp* (Vhwjl;lgk — Vhwfl)Qm)(S]]z,aZ)] 5
kek h

K|P K|P
G = \/A - drL log(%) log(KH) + drL log(%)log(KH) .

m With the fact Vp«(a +b) < 2Vp.(a) + 2Vps(b) we have A < 2B + 2C).
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Proof Sketch for Online RL

m For C,,, we prove that w.h.p. it has the recursive form
Cm S 2MG 4 1/log(1/0)Cht1 + log(1/6), during which process we also
leverage the above Eq.(7) and some careful analysis.

m Then, with a recursion lemma, we can get Cy < G, which further gives us

A§B+dRL10g(%)log(KH)+\/A dry log( 5‘ |)10g(KH)

< O(B + drr log( |)10g(KH))>

K|P
")
where in the last step we use the fact < 2a +b% if x < a + by/x.

m Finally, we note that B < O(3_, VaR,« +log(1/J)) w.h.p.. Plugging the
upper bound of A back into Eq.(7) and then to Eq.(6), we conclude the
proof.
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Horizon-free and Second-order MBRL: Summary

Overall, our work identifies the minimalist algorithms
and analysis for nearly horizon-free and second-order

online & offline RL.
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Horizon-free and Second-order MBRL: Summary

m There are some interesting future works:

Remove the log H dependence (completely horizon-free).

Extend our analysis to incorporate the richer function classes with small
distributional Eduler dimensions.

The algorithms studied in this work are not computationally tractable.
This is due to the need of performing optimism/pessimism planning.
Deriving computationally tractable RL algorithms for the rich function
approximation setting is a long-standing question.
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